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Let 𝒒𝒒 be a prime of the form 𝒒𝒒 = 𝒏𝒏𝒏𝒏 + 𝟏𝟏 for integers 𝒏𝒏 ≥ 𝟏𝟏 and 𝑵𝑵 > 𝟏𝟏. For 𝒒𝒒 < 𝟏𝟏𝟏𝟏𝟓𝟓 , we show
that difference sets in the additive group of the field 𝐆𝐆𝑭𝑭(𝒒𝒒) are obtained from unions of
cyclotomic classes of orders 𝑵𝑵 = 𝟏𝟏𝟏𝟏, 𝟐𝟐𝟐𝟐, and 𝟐𝟐𝟐𝟐 and determine all such unions using a
computer search. We then determine if the difference sets are equivalent to known cyclotomic
or modified cyclotomic quadratic, quartic, sextic, or octic difference sets or their complements.
This fills the gaps in the literature on the existence of difference sets from unions of cyclotomic
classes for the specified orders. In addition, we extend Baumert and Fredricksen’s 1967 work
on the construction of all inequivalent (𝟏𝟏𝟏𝟏𝟏𝟏, 𝟔𝟔𝟔𝟔, 𝟑𝟑𝟑𝟑)-difference sets from unions of 𝟏𝟏𝟏𝟏𝒕𝒕𝒕𝒕 cyclotomic classes of 𝑮𝑮𝑮𝑮(𝟏𝟏𝟏𝟏𝟏𝟏) by constructing six inequivalent (𝟏𝟏𝟏𝟏𝟏𝟏, 𝟔𝟔𝟔𝟔, 𝟑𝟑𝟑𝟑)-difference sets
with zero added from unions of cyclotomic classes of order 𝑵𝑵 = 𝟏𝟏𝟏𝟏.
Keywords: difference set, cyclotomic class, cyclotomic number, unions

INTRODUCTION
Let 𝐺𝐺 be a finite group of order 𝑣𝑣, 𝐷𝐷 be a non-empty proper subset of 𝐺𝐺 of cardinality 𝑘𝑘, and 𝜆𝜆 be any integer. Then
𝐷𝐷 is a (𝑣𝑣, 𝑘𝑘, 𝜆𝜆)-difference set if each non-identity element of 𝐺𝐺 can be written as a product 𝑑𝑑1 𝑑𝑑2 −1 of elements of 𝐷𝐷
in exactly 𝜆𝜆 ways. The difference set is cyclic, abelian, or non-abelian if the group 𝐺𝐺 has the corresponding property.
If 𝐺𝐺 is an abelian group written additively, the defining condition is that every nonzero element of the group can be
expressed as a difference 𝑑𝑑1 − 𝑑𝑑2 of elements of 𝐷𝐷 in exactly 𝜆𝜆 ways.
Difference sets are closely related to finite geometries, designs, codes, and periodic sequences with favorable
correlation properties. They are used for optical alignment, interpreting signals in the presence of noise, imaging
astronomical events, constructing error-correcting codes, and facilitating processes in quantum informatics.

A powerful method for constructing difference sets in the additive groups of finite fields is cyclotomic construction.
This idea of using cyclotomic classes of finite fields to produce difference sets goes back to Paley (1933) and was
pursued vigorously in the succeeding decades as seen in works such as Dickson (1935), Chowla (1944), Lehmer
(1953), Hall (1956), and Whiteman (1960), among others.
*Corresponding Author: benedict.estrella@bulsu.edu.ph
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Let 𝑛𝑛 ≥ 1 and 𝑁𝑁 > 1 be integers. Let 𝑞𝑞 be a prime power of the form 𝑞𝑞 = 𝑛𝑛𝑛𝑛 + 1. Let (𝐺𝐺𝐺𝐺(𝑞𝑞), +) denote the additive
group of the finite field 𝐺𝐺𝐺𝐺(𝑞𝑞) consisting of all field elements under addition. Let 𝐺𝐺𝐺𝐺(𝑞𝑞)∗ denote the cyclic group of
all nonzero field elements under multiplication. Let 𝛼𝛼 be a fixed primitive element of 𝐺𝐺𝐺𝐺(𝑞𝑞), i.e. 𝛼𝛼 is a generator of
𝑞𝑞−1
− 1} for 0 ≤ 𝑖𝑖 ≤ 𝑁𝑁 − 1 are
𝐺𝐺𝐺𝐺(𝑞𝑞)∗ . For a fixed 𝑁𝑁, the 𝑁𝑁 subsets of 𝐺𝐺𝐺𝐺(𝑞𝑞) given by 𝐶𝐶𝑖𝑖 (𝑁𝑁,𝑞𝑞) = {𝛼𝛼 𝑗𝑗𝑗𝑗+𝑖𝑖 : 0 ≤ 𝑗𝑗 ≤
𝑁𝑁

called the 𝑁𝑁 𝑡𝑡ℎ -cyclotomic classes of 𝐺𝐺𝐺𝐺(𝑞𝑞), i.e. 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) is the subgroup of 𝐺𝐺𝐺𝐺(𝑞𝑞)∗ consisting of all 𝑁𝑁 𝑡𝑡ℎ powers in
𝐺𝐺𝐺𝐺(𝑞𝑞) and 𝐶𝐶𝑖𝑖 (𝑁𝑁,𝑞𝑞) = 𝛼𝛼 𝑖𝑖 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) for 1 ≤ 𝑖𝑖 ≤ 𝑁𝑁 − 1. If 𝑞𝑞 is a prime we call the elements of 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) the 𝑁𝑁 𝑡𝑡ℎ -power
residues; in the cases 𝑁𝑁 = 2, 3, 4, 5, 6, 8, these residues are called quadratic, cubic, quartic (or biquadratic), quintic,
sextic, and octic residues, respectively. The numbers (𝑖𝑖, 𝑗𝑗)(𝑁𝑁,𝑞𝑞) = |(𝐶𝐶𝑖𝑖 (𝑁𝑁,𝑞𝑞) + 1) ∩ 𝐶𝐶𝑗𝑗 (𝑁𝑁,𝑞𝑞) | for 0 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑁𝑁 − 1 are
called cyclotomic numbers.
𝑛𝑛−1

)-difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +), then it is called
Let 𝑞𝑞 = 𝑛𝑛𝑛𝑛 + 1 as before. If the 𝑁𝑁 𝑡𝑡ℎ -power residues form a (𝑞𝑞, 𝑛𝑛,
𝑁𝑁
𝑡𝑡ℎ
𝑡𝑡ℎ
an 𝑁𝑁 -cyclotomic difference set or 𝑁𝑁 -power residue difference set. If the 𝑁𝑁 𝑡𝑡ℎ -power residues together with zero is
𝑛𝑛+1
)-difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +), then it is called a modified 𝑁𝑁 𝑡𝑡ℎ -cyclotomic difference set or modified
a (𝑞𝑞, 𝑛𝑛 + 1,
𝑁𝑁

𝑁𝑁 𝑡𝑡ℎ -power residue difference set. It is known in the literature that for 𝑁𝑁 ≤ 24, the cyclotomic class 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) forms a
difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) if and only if 𝑁𝑁 = 2, 4, or 8, and 𝑞𝑞 satisfies certain conditions. Details are presented in
the next section. Results when 𝑁𝑁 > 24 are sparse likely due to the difficulty of computing cyclotomic numbers, as
noted by Beth et al. (1999) and Momihara et al. (2018).

Instead of using just a single cyclotomic class, Hall (1956) was able to construct a difference set from a union of three
cyclotomic classes consisting of sextic residues. This result led researchers to the problem of finding difference sets
from unions of two or more cyclotomic classes. A (31, 6, 1)-difference set from a union of two cyclotomic classes
was found by Hayashi (1965) in the case where 𝑁𝑁 = 10. According to the survey by Momihara et al. (2018), for many
years, most researchers thought that no new difference sets could further be found by taking unions of cyclotomic
classes and that it was a great surprise when Feng and Xiang (2012) discovered new infinite families of difference sets
by taking unions of cyclotomic classes of order 𝑁𝑁 = 2𝑝𝑝𝑚𝑚 , where p ≡ 7 (mod 8) is a prime. Momihara (2013) then
gave a generalization for the same order 𝑁𝑁 and prime p ≡ 3 (mod 4). Feng et al. (2015) further generalized the
construction to the case 𝑁𝑁 = 2𝑝𝑝𝑚𝑚 , where 𝑝𝑝 ≡ 3 (mod 8) is a prime. We see from the survey of results that no
constructions of difference sets from unions of cyclotomic classes are known when 𝑁𝑁 = 12, 20 or 24.

In this work, we obtained cyclotomic difference sets from unions of suitable cyclotomic classes of orders 𝑁𝑁 =
12, 20, 24 (with and without zero) of the field 𝐺𝐺𝐺𝐺(𝑞𝑞), where 𝑞𝑞 is a prime of the form 𝑞𝑞 = 𝑛𝑛𝑛𝑛 + 1, 𝑛𝑛 ≥ 1, and 𝑞𝑞 <
105 using a computer search. The obtained difference sets were then classified based on their equivalence to the
known cyclotomic and modified cyclotomic quadratic, quartic, sextic, and octic difference sets. The constructions in
this paper also produced two difference sets equivalent to the complement of a quartic difference set and three
difference sets equivalent to the complements of modified quartic, octic, and modified octic cyclotomic difference
sets, respectively. In addition, for 𝑁𝑁 = 18, we extended the work of Baumert and Fredricksen (1967) to construct six
new modified 18𝑡𝑡ℎ -cyclotomic difference sets with parameters (127, 64, 32).
The reader may consult Moore and Pollatsek (2013) and Ding (2015) for basic properties of difference sets and their
applications. The book (Ireland and Rosen 1982) is a standard reference for number theory and finite fields.

PRELIMINARIES
The following theorem gives a necessary condition for parameters of a difference set.
Theorem 2.1: If D is a (𝑣𝑣, 𝑘𝑘, 𝜆𝜆)-difference set, then 𝑘𝑘(𝑘𝑘 − 1) = 𝜆𝜆(𝑣𝑣 − 1).

In generating difference sets, we use the concept of difference function. The difference function diff𝐷𝐷 (𝑥𝑥) of a subset
𝐷𝐷 of (𝐺𝐺, +) is defined as diff𝐷𝐷 (𝑥𝑥) = |𝐷𝐷 ∩ (𝐷𝐷 + 𝑥𝑥)|, 𝑥𝑥 ∈ 𝐺𝐺, where 𝐷𝐷 + 𝑥𝑥 = {𝑦𝑦 + 𝑥𝑥 ∶ 𝑦𝑦 ∈ 𝐷𝐷}. As a consequence of the
definition, a subset 𝐷𝐷 of size 𝑘𝑘 in an abelian group (𝐺𝐺, +) with order 𝑣𝑣 is called a (𝑣𝑣, 𝑘𝑘, 𝜆𝜆)-difference set in (𝐺𝐺, +) if
the difference function diff𝐷𝐷 (𝑥𝑥) = 𝜆𝜆 for every nonzero 𝑥𝑥 ∈ 𝐺𝐺 (Ding 2015).
The following gives a way to use one difference set to construct another (Wallis 1988).

1804

Philippine Journal of Science
Vol. 150 No. 6B, December 2021

Balmaceda and Estrella: Difference Sets
from Unions of Cyclotomic Classes

Theorem 2.2: If D is a (𝑣𝑣, 𝑘𝑘, 𝜆𝜆)-difference set in (𝐺𝐺, +), its complement, 𝐷𝐷𝐶𝐶 = 𝐺𝐺\𝐷𝐷 is also a difference set in (𝐺𝐺, +)
with parameters (𝑣𝑣, 𝑣𝑣 − 𝑘𝑘, 𝑣𝑣 − 2𝑘𝑘 + 𝜆𝜆). The set 𝐷𝐷𝐶𝐶 is called the complementary difference set of 𝐷𝐷.

From now on, we consider (𝑣𝑣, 𝑘𝑘, 𝜆𝜆)-difference sets in the additive group (𝐺𝐺𝐺𝐺(𝑞𝑞), +). Given the difference set 𝐷𝐷 =
{𝑑𝑑1 , . . . , 𝑑𝑑𝑘𝑘 }, then for any integer 𝑠𝑠, the set 𝐷𝐷 + 𝑠𝑠 = {𝑑𝑑1 + 𝑠𝑠, . . . , 𝑑𝑑𝑘𝑘 + 𝑠𝑠} taken modulo 𝑣𝑣 is also a difference set called
a shift of the set 𝐷𝐷. For any integer 𝑡𝑡, with 𝑔𝑔𝑔𝑔𝑔𝑔(𝑡𝑡, 𝑣𝑣) = 1, the set 𝑡𝑡𝑡𝑡 = {𝑡𝑡𝑑𝑑1 , . . . , 𝑡𝑡𝑑𝑑𝑘𝑘 } taken modulo 𝑣𝑣 is a difference
set with the same parameters 𝑣𝑣, 𝑘𝑘, 𝜆𝜆. If 𝐷𝐷1 = 𝑡𝑡𝐷𝐷2 + 𝑠𝑠 for some 𝑡𝑡, 𝑠𝑠, with 𝑔𝑔𝑔𝑔𝑔𝑔(𝑡𝑡, 𝑣𝑣) = 1, then the two difference sets
𝐷𝐷1 , 𝐷𝐷2 are called equivalent. If 𝑔𝑔𝑔𝑔𝑔𝑔(𝑡𝑡, 𝑣𝑣) = 1 and 𝑡𝑡𝑡𝑡 = 𝐷𝐷 + 𝑠𝑠 for some 𝑠𝑠, then 𝑡𝑡 is called a multiplier of the
difference set 𝐷𝐷.
The following elementary result will be used to efficiently calculate all the primitive elements of a finite field.

Lemma 2.3: Let 𝑞𝑞 be a prime power. Let 𝛼𝛼 and 𝑞𝑞 be relatively prime positive integers. The element 𝛼𝛼 is a primitive
element of 𝐺𝐺𝐺𝐺(𝑞𝑞) if and only if 𝛼𝛼 (𝑞𝑞−1)⁄𝑝𝑝 ≠ 1 for each prime factor 𝑝𝑝 of 𝑞𝑞 − 1.

The following lemma shows that it is sufficient to just consider even values of 𝑁𝑁 (Beth et al. 1999).

Lemma 2.4: Let 𝑞𝑞 = 𝑛𝑛𝑛𝑛 + 1 be an odd prime power. If a union of cyclotomic classes of order 𝑁𝑁 forms a difference
set, then 𝑛𝑛 is odd and 𝑁𝑁 is even.

Cyclotomic Difference Sets from a Single Cyclotomic Class
We first discuss the case when a cyclotomic class 𝐶𝐶𝑖𝑖 (𝑁𝑁,𝑞𝑞) , for some integer 𝑖𝑖 with 0 ≤ 𝑖𝑖 ≤ 𝑁𝑁 − 1, is a difference set
in (𝐺𝐺𝐺𝐺(𝑞𝑞), +). Since 𝐶𝐶𝑖𝑖 (𝑁𝑁,𝑞𝑞) = 𝛼𝛼 𝑖𝑖 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) , it is enough to consider the cyclotomic class 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) – possibly together
with zero – to check if a single cyclotomic class forms a difference set. Paley (1933) proved and completed the case
when 𝑁𝑁 = 2, and Chowla (1944) settled the problem in the case when 𝑞𝑞 is prime and 𝑁𝑁 = 4. Lehmer (1953)
established the following necessary and sufficient conditions for 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) to be a difference set in terms of cyclotomic
numbers. The version below is taken from Ding (2015).
Theorem 2.5 (Lehmer): Let q be a prime power. Then 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters
(𝑞𝑞, 𝑛𝑛, (𝑛𝑛 − 1)/𝑁𝑁) if and only if (𝑖𝑖, 0)(𝑁𝑁,𝑞𝑞) = (𝑛𝑛 − 1)/𝑁𝑁 for all 𝑖𝑖 ∈ { 0,1, . . . , 𝑁𝑁 − 1}.

Similarly, 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) ∪ {0} is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters (𝑞𝑞, 𝑛𝑛 + 1, (𝑛𝑛 + 1)/𝑁𝑁) if and only if 1 +
(0,0)(𝑁𝑁,𝑞𝑞) = (𝑖𝑖, 0)(𝑁𝑁,𝑞𝑞) = (𝑛𝑛 + 1)/𝑁𝑁 for all 𝑖𝑖 ∈ { 1, . . . , 𝑁𝑁 − 1}.

In either case, the only multipliers of the difference set are the elements of 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) .

The following collected results based on Theorem 2.5 when 𝑁𝑁 = 2, 4, 6, and 8 can be found in the works of Lehmer
(1953), Momihara et al. (2018), and Ding (2015) and will be referred to when we determine the equivalence types of
difference sets in our constructions.
Theorem 2.6: Let 𝐺𝐺𝐺𝐺(𝑞𝑞) be the finite field of order 𝑞𝑞, where 𝑞𝑞 is a power of an odd prime 𝑝𝑝. Let 𝑁𝑁 ≥ 2 be an even
divisor of 𝑞𝑞 − 1, and 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) be the subgroup of 𝐺𝐺𝐺𝐺(𝑞𝑞)∗ of index 𝑁𝑁.
1) When 𝑁𝑁 = 2, 𝐶𝐶0 (2,𝑞𝑞) is a quadratic cyclotomic difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +)
(𝑞𝑞, (𝑞𝑞 − 1)⁄2 , (𝑞𝑞 − 3)/4) if and only if 𝑞𝑞 ≡ 3 (mod 4).

with parameters

2) When 𝑁𝑁 = 2, 𝐶𝐶0 (2,𝑞𝑞) ∪ {0} is a modified quadratic cyclotomic difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters
(𝑞𝑞, (𝑞𝑞 + 1)/2, (𝑞𝑞 + 1)/4) if and only if 𝑞𝑞 ≡ 3 (mod 4).

3) When 𝑁𝑁 = 4, 𝐶𝐶0 (4,𝑞𝑞) is a quartic cyclotomic difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters (𝑞𝑞, (𝑞𝑞 − 1)/4, (𝑞𝑞 −
5)/16) if and only if 𝑞𝑞 = 4𝑡𝑡 2 + 1 and 𝑡𝑡 is odd.

4) When 𝑁𝑁 = 4, 𝐶𝐶0 (4,𝑞𝑞) ∪ {0} is a modified quartic cyclotomic difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters
(𝑞𝑞, (𝑞𝑞 + 3)/4, (𝑞𝑞 + 3)/16) if and only if 𝑞𝑞 = 4𝑡𝑡 2 + 9 and 𝑡𝑡 is odd.

5) When 𝑁𝑁 = 6, 𝐶𝐶0 (6,𝑞𝑞) is never a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +).

6) When 𝑁𝑁 = 8, 𝐶𝐶0 (8,𝑞𝑞) is an octic cyclotomic difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters (𝑞𝑞, (𝑞𝑞 − 1)/8, (𝑞𝑞 −
9)/64) if and only if 𝑞𝑞 = 8𝑡𝑡 2 + 1 = 64𝑢𝑢2 + 9 for odd 𝑡𝑡 and odd 𝑢𝑢.
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7) When 𝑁𝑁 = 8, 𝐶𝐶0 (8,𝑞𝑞) ∪ {0} is a modified octic cyclotomic difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters
(𝑞𝑞, (𝑞𝑞 + 7)/8, (𝑞𝑞 + 7)/64) if and only if 𝑞𝑞 = 8𝑡𝑡 2 + 49 = 64𝑢𝑢2 + 441 for odd 𝑡𝑡 and even 𝑢𝑢.

It is not known whether any of the cases in Theorem 2.6, with the exception of the quadratic cyclotomic difference set
(also called Paley type difference set), yield infinite families. We now present other known results for cyclotomic
difference sets from single cyclotomic classes for orders 𝑁𝑁 ≤ 24.

Theorem 2.7 (Xia 2018): Let 𝐺𝐺𝐺𝐺(𝑞𝑞) be the finite field of order 𝑞𝑞, where 𝑞𝑞 = 𝑝𝑝 𝑓𝑓 is an odd prime power. Let 𝑁𝑁 ≥ 2
be an even divisor of 𝑞𝑞 − 1, and 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) be the subgroup of 𝐺𝐺𝐺𝐺(𝑞𝑞)∗ of index 𝑁𝑁. If 𝑁𝑁 ≤ 22 and 𝑁𝑁 ≠ 2, 4 or 8, then
𝐶𝐶0 (𝑁𝑁,𝑞𝑞) is never a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +).

Evans and van Veen (2017) proved the nonexistence of cyclotomic difference sets from single cyclotomic classes in
(𝐺𝐺𝐺𝐺(𝑞𝑞), +) for the case 𝑁𝑁 = 24 and prime 𝑞𝑞 by computing cyclotomic numbers with the help of a Mathematica
program.
Cyclotomic Difference Sets from Unions of Cyclotomic Classes
The first construction using unions is due to Hall (1956).

Theorem 2.8 (Hall): Let 𝑞𝑞 be an odd prime power of the form 𝑞𝑞 = 4𝑥𝑥 2 + 27 for some integer 𝑥𝑥. Then 𝐶𝐶0 (6,𝑞𝑞) ∪
𝐶𝐶1 (6,𝑞𝑞) ∪ 𝐶𝐶3 (6,𝑞𝑞) is a (𝑞𝑞, (𝑞𝑞 − 1)⁄2 , (𝑞𝑞 − 3)⁄4) diﬀerence set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +).

The difference sets arising from the above theorem are called Hall sextic residue difference sets (or Hall type). The
proof of this theorem included an exhaustive search on the SWAC computer, utilizing a method based on formulas of
Dickson (1935) for cyclotomic numbers of order 𝑁𝑁 = 6.

Hayashi (1965) made a similar difference set search on the Control Data Corporation 1604A computer for primes of
the form 𝑞𝑞 = 10𝑛𝑛 + 1, utilizing the formulas of Whiteman (1960) for cyclotomic numbers of order 𝑁𝑁 = 10.

Theorem 2.9 (Hayashi): Let D be a cyclic difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +), where 𝑞𝑞 is a prime congruent to 1 modulo
10, which admits the 10th-powers as multipliers. Then we have (up to equivalence) one of the following two cases:
i) 𝑞𝑞 ≡ 3 (mod 4) and D consists of the quadratic residues, or
ii) 𝑞𝑞 = 31 and 𝐷𝐷 = 𝐶𝐶0 (10,𝑞𝑞) ∪ 𝐶𝐶1 (10,𝑞𝑞) .

In proving the above theorem, Hayashi showed that when constructing difference sets from unions of cyclotomic
classes, it is sufficient to consider only unions containing the cyclotomic class 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) .

When 𝑁𝑁 = 18, Baumert and Fredricksen (1967) found six inequivalent (127, 63, 31) cyclic difference sets which all
arise as unions of cyclotomic classes for 𝑁𝑁 = 18. The case when zero is added to the sets to construct modified
(127, 64, 32)-difference sets was not covered in their work.

From Lemma 2.4, the cases 𝑁𝑁 = 12, 20, and 24 are the only orders ≤ 24 not covered by the preceding theorems that
may yield difference sets.

SEARCH METHOD AND COMPUTATIONAL PROCEDURE
We discuss our search method that determines whether difference sets are obtained from unions of cyclotomic classes
in the field 𝐺𝐺𝐺𝐺(𝑞𝑞), where 𝑞𝑞 is a prime of the form 𝑛𝑛𝑛𝑛 + 1. The method is applied to the orders 𝑁𝑁 = 12, 20, and 24.
Given an input prime 𝑞𝑞, the method finds all difference sets from unions of two or more cyclotomic classes of 𝐺𝐺𝐺𝐺(𝑞𝑞)
with or without zero. As per Hayashi (1965), it is sufficient to consider only unions containing the class 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) . The
search is performed for all primes 𝑞𝑞 < 105 of the stated form. We then determine whether the obtained difference
sets, if any, are equivalent to known cyclotomic difference sets, as described in Theorems 2.6 and 2.8, or equivalent
to their complements.
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To prepare for the search, for each of the orders 𝑁𝑁 = 12, 20, and 24, we first determine all primes 𝑞𝑞 < 105 of the
form 𝑛𝑛𝑛𝑛 + 1. By Lemma 2.4, it is enough to consider only odd values of 𝑛𝑛. For each such prime, we determine all
primitive elements of 𝐺𝐺𝐺𝐺(𝑞𝑞) using Lemma 2.3. As noted by Ding (2015), the primitive element employed to define
the cyclotomic classes may have to be chosen properly.
We have written a program using Python 3.7 that performs the following steps for given inputs 𝑁𝑁 and 𝑞𝑞:
1) Choose a primitive element 𝛼𝛼 of 𝐺𝐺𝐺𝐺(𝑞𝑞).

2) Compute the cyclotomic classes 𝐶𝐶𝑖𝑖 (𝑁𝑁,𝑞𝑞) using the chosen primitive element.

3) Take the union of 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) with a second cyclotomic class and test if the obtained set forms a difference set.

4) If no difference set is found, repeat steps 1–3 using a different primitive element until a difference set is
obtained or until the primitive elements of 𝐺𝐺𝐺𝐺(𝑞𝑞) are exhausted.

5) Repeat steps 1–4 using the union of 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) with another cyclotomic class, until all unions of 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) with a
second cyclotomic class are exhausted.

6) Repeat steps 1–5, this time using 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) with two other cyclotomic classes, then 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) with three other
cyclotomic classes, and so on up to 𝐶𝐶0 (𝑁𝑁,𝑞𝑞) with 𝑁𝑁 − 1 other cyclotomic classes.
7) For each difference set obtained, check its equivalence with the known cyclotomic difference sets.

To search for modified difference sets, we perform the same steps but include zero in the unions. The codes to perform
the search and test for equivalence, as well as codes used to compute primes and find primitive elements, can be found
in a supplementary file that may be publicly accessed. The reader may adopt the codes for bigger values of 𝑁𝑁 and
higher bounds for 𝑞𝑞.

RESULTS AND CONCLUSION
We obtained the following theorems which give constructions of difference sets from unions of cyclotomic classes of
order 𝑁𝑁 = 12, 20, and 24 (with and without zero).

Theorem 4.1: Let 𝑞𝑞 < 105 be a prime of the form 𝑞𝑞 = 12𝑛𝑛 + 1 for 𝑛𝑛 ≥ 1 and odd. Then:
i)

The set 𝐷𝐷 = 𝐶𝐶0 (12,𝑞𝑞) ∪ 𝐶𝐶4 (12,𝑞𝑞) ∪ 𝐶𝐶8 (12,𝑞𝑞) is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters
(𝑞𝑞, (𝑞𝑞 − 1)⁄4 , (𝑞𝑞 − 5)⁄16), where 𝑞𝑞 = 4𝑡𝑡 2 + 1 and 𝑡𝑡 is odd, which contains quartic residues.

Similarly, the set 𝐷𝐷 = 𝐶𝐶0 (12,𝑞𝑞) ∪ 𝐶𝐶4 (12,𝑞𝑞) ∪ 𝐶𝐶8 (12,𝑞𝑞) ∪ {0} is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with
parameters (𝑞𝑞, (𝑞𝑞 + 3)⁄4 , (𝑞𝑞 + 3)⁄16), where 𝑞𝑞 = 4𝑡𝑡 2 + 9 and 𝑡𝑡 is odd, which contains quartic
residues together with zero.
ii)

The set 𝐷𝐷 = 𝐶𝐶0 (12,𝑞𝑞) ∪ 𝐶𝐶1 (12,𝑞𝑞) ∪ 𝐶𝐶2 (12,𝑞𝑞) ∪ 𝐶𝐶4 (12,𝑞𝑞) ∪ 𝐶𝐶5 (12,𝑞𝑞) ∪ 𝐶𝐶6 (12,𝑞𝑞) ∪ 𝐶𝐶8 (12,𝑞𝑞) ∪ 𝐶𝐶9 (12,𝑞𝑞) ∪
𝐶𝐶10 (12,𝑞𝑞) is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters (𝑞𝑞, (3𝑞𝑞 − 3)⁄4 , (9𝑞𝑞 − 21)⁄16), where
𝑞𝑞 = 4𝑡𝑡 2 + 9 and 𝑡𝑡 is odd. This difference set is equivalent to the complement of modified quartic
cyclotomic difference set.
Similarly, the set 𝐷𝐷 = 𝐶𝐶0 (12,𝑞𝑞) ∪ 𝐶𝐶1 (12,𝑞𝑞) ∪ 𝐶𝐶2 (12,𝑞𝑞) ∪ 𝐶𝐶4 (12,𝑞𝑞) ∪ 𝐶𝐶5 (12,𝑞𝑞) ∪ 𝐶𝐶6 (12,𝑞𝑞) ∪ 𝐶𝐶8 (12,𝑞𝑞) ∪
𝐶𝐶9 (12,𝑞𝑞) ∪ 𝐶𝐶10 (12,𝑞𝑞) ∪ {0} is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +)
with parameters
(𝑞𝑞, (3𝑞𝑞 + 1)⁄4 , (9𝑞𝑞 + 3)⁄16), where 𝑞𝑞 = 4𝑡𝑡 2 + 1 and 𝑡𝑡 is odd. This difference set is equivalent
to the complement of quartic cyclotomic difference set.

Theorem 4.2: Let 𝑞𝑞 < 105 be a prime of the form 𝑞𝑞 = 20𝑛𝑛 + 1 for 𝑛𝑛 > 1 and odd. Then:
i)

The set 𝐷𝐷 = 𝐶𝐶0 (20,𝑞𝑞) ∪ 𝐶𝐶4 (20,𝑞𝑞) ∪ 𝐶𝐶8 (20,𝑞𝑞) ∪ 𝐶𝐶12 (20,𝑞𝑞) ∪ 𝐶𝐶16 (20,𝑞𝑞) is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +)
with parameters (𝑞𝑞, (𝑞𝑞 − 1)⁄4 , (𝑞𝑞 − 5)⁄16), where 𝑞𝑞 = 4𝑡𝑡 2 + 1 and 𝑡𝑡 is odd, which contains
quartic residues.
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With zero included, there is no union of cyclotomic classes that forms a difference set.
ii)

The set 𝐷𝐷 = 𝐶𝐶0 (20,𝑞𝑞) ∪ 𝐶𝐶1 (20,𝑞𝑞) ∪ 𝐶𝐶2 (20,𝑞𝑞) ∪ 𝐶𝐶4 (20,𝑞𝑞) ∪ 𝐶𝐶5 (20,𝑞𝑞) ∪ 𝐶𝐶6 (20,𝑞𝑞) ∪ 𝐶𝐶8 (20,𝑞𝑞) ∪ 𝐶𝐶9 (20,𝑞𝑞) ∪
𝐶𝐶10 (20,𝑞𝑞) ∪ 𝐶𝐶12 (20,𝑞𝑞) ∪ 𝐶𝐶13 (20,𝑞𝑞) ∪ 𝐶𝐶14 (20,𝑞𝑞) ∪ 𝐶𝐶16 (20,𝑞𝑞) ∪ 𝐶𝐶17 (20,𝑞𝑞) ∪ 𝐶𝐶18 (20,𝑞𝑞) ∪ {0} is a difference
set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters (𝑞𝑞, (3𝑞𝑞 + 1)⁄4 , (9𝑞𝑞 + 3)⁄16), where 𝑞𝑞 = 4𝑡𝑡 2 + 1 and 𝑡𝑡 is
odd. This difference set is equivalent to the complement of the quartic cyclotomic difference set.

Theorem 4.3: Let 𝑞𝑞 < 105 be a prime of the form 𝑞𝑞 = 24𝑛𝑛 + 1 for 𝑛𝑛 > 1 and odd. Then:
i)

ii)

The set 𝐷𝐷 = 𝐶𝐶0 (24,𝑞𝑞) ∪ 𝐶𝐶8 (24,𝑞𝑞) ∪ 𝐶𝐶16 (24,𝑞𝑞) is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters
(𝑞𝑞, (𝑞𝑞 − 1)⁄8 , (𝑞𝑞 − 9)⁄64), where 𝑞𝑞 = 8𝑡𝑡 2 + 1 = 64𝑢𝑢2 + 9 for odd 𝑡𝑡 and odd 𝑢𝑢, which contains
octic residues.
Similarly, the set 𝐷𝐷 = 𝐶𝐶0 (24,𝑞𝑞) ∪ 𝐶𝐶8 (24,𝑞𝑞) ∪ 𝐶𝐶16 (24,𝑞𝑞) ∪ {0} is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with
parameters (𝑞𝑞, (𝑞𝑞 + 7)⁄8 , (𝑞𝑞 + 7)⁄64), where 𝑞𝑞 = 8𝑡𝑡 2 + 49 = 64𝑢𝑢2 + 441 for odd 𝑡𝑡 and even 𝑢𝑢,
which contains octic residues together with zero.

The set 𝐷𝐷 = 𝐶𝐶0 (24,𝑞𝑞) ∪ 𝐶𝐶1 (24,𝑞𝑞) ∪ 𝐶𝐶2 (24,𝑞𝑞) ∪ 𝐶𝐶3 (24,𝑞𝑞) ∪ 𝐶𝐶4 (24,𝑞𝑞) ∪ 𝐶𝐶5 (24,𝑞𝑞) ∪ 𝐶𝐶6 (24,𝑞𝑞) ∪ 𝐶𝐶8 (24,𝑞𝑞) ∪
𝐶𝐶9 (24,𝑞𝑞) ∪ 𝐶𝐶10 (24,𝑞𝑞) ∪ 𝐶𝐶11 (24,𝑞𝑞) ∪ 𝐶𝐶12 (24,𝑞𝑞) ∪ 𝐶𝐶13 (24,𝑞𝑞) ∪ 𝐶𝐶14 (24,𝑞𝑞) ∪ 𝐶𝐶16 (24,𝑞𝑞) ∪ 𝐶𝐶17 (24,𝑞𝑞) ∪
𝐶𝐶18 (24,𝑞𝑞) ∪ 𝐶𝐶19 (24,𝑞𝑞) ∪ 𝐶𝐶20 (24,𝑞𝑞) ∪ 𝐶𝐶21 (24,𝑞𝑞) ∪ 𝐶𝐶22 (24,𝑞𝑞) is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with
parameters (𝑞𝑞, (7𝑞𝑞 − 7)⁄8 , (49𝑞𝑞 − 105)⁄64), where 𝑞𝑞 = 8𝑡𝑡 2 + 49 = 64𝑢𝑢2 + 441 for odd 𝑡𝑡
and even 𝑢𝑢. This difference set is equivalent to the complement of the modified octic cyclotomic
difference set.

Similarly, the set 𝐷𝐷 = 𝐶𝐶0 (24,𝑞𝑞) ∪ 𝐶𝐶1 (24,𝑞𝑞) ∪ 𝐶𝐶2 (24,𝑞𝑞) ∪ 𝐶𝐶3 (24,𝑞𝑞) ∪ 𝐶𝐶4 (24,𝑞𝑞) ∪ 𝐶𝐶5 (24,𝑞𝑞) ∪ 𝐶𝐶6 (24,𝑞𝑞) ∪
𝐶𝐶8 (24,𝑞𝑞) ∪ 𝐶𝐶9 (24,𝑞𝑞) ∪ 𝐶𝐶10 (24,𝑞𝑞) ∪ 𝐶𝐶11 (24,𝑞𝑞) ∪ 𝐶𝐶12 (24,𝑞𝑞) ∪ 𝐶𝐶13 (24,𝑞𝑞) ∪ 𝐶𝐶14 (24,𝑞𝑞) ∪ 𝐶𝐶16 (24,𝑞𝑞) ∪ 𝐶𝐶17 (24,𝑞𝑞) ∪
𝐶𝐶18 (24,𝑞𝑞) ∪ 𝐶𝐶19 (24,𝑞𝑞) ∪ 𝐶𝐶20 (24,𝑞𝑞) ∪ 𝐶𝐶21 (24,𝑞𝑞) ∪ 𝐶𝐶22 (24,𝑞𝑞) ∪ {0} is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with
parameters (𝑞𝑞, (7𝑞𝑞 + 1)⁄8 , (49𝑞𝑞 + 7)⁄64), where 𝑞𝑞 = 8𝑡𝑡 2 + 1 = 64𝑢𝑢2 + 9 for odd 𝑡𝑡 and odd 𝑢𝑢.
This difference set is equivalent to the complement of the octic cyclotomic difference set.

Although examples of difference sets from unions of 18𝑡𝑡ℎ -cyclotomic classes can be computed from the results of
Momihara (2013), we performed our method for the case 𝑁𝑁 = 18 to obtain the explicit decompositions. In particular,
the search also yielded six modified (127, 64, 32)-difference sets. This extends the result in Baumert and Fredricksen
(1967) that produced six (127, 63, 31)-difference sets without zero.
Theorem 4.4: Let 𝑞𝑞 < 105 be a prime of the form 𝑞𝑞 = 18𝑛𝑛 + 1 for 𝑛𝑛 ≥ 1 and odd. Then,
i)

ii)

The set 𝐷𝐷 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶2 (18,𝑞𝑞) ∪ 𝐶𝐶4 (18,𝑞𝑞) ∪ 𝐶𝐶6 (18,𝑞𝑞) ∪ 𝐶𝐶8 (18,𝑞𝑞) ∪ 𝐶𝐶10 (18,𝑞𝑞) ∪ 𝐶𝐶12 (18,𝑞𝑞) ∪ 𝐶𝐶14 (18,𝑞𝑞) ∪
𝐶𝐶16 (18,𝑞𝑞) is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters (𝑞𝑞, (𝑞𝑞 − 1)⁄2 , (𝑞𝑞 − 3)⁄4), where 𝑞𝑞 ≡
3 (𝑚𝑚𝑚𝑚𝑚𝑚 4), which contains quadratic residues.

Similarly, the set 𝐷𝐷 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶2 (18,𝑞𝑞) ∪ 𝐶𝐶4 (18,𝑞𝑞) ∪ 𝐶𝐶6 (18,𝑞𝑞) ∪ 𝐶𝐶8 (18,𝑞𝑞) ∪ 𝐶𝐶10 (18,𝑞𝑞) ∪ 𝐶𝐶12 (18,𝑞𝑞) ∪
𝐶𝐶14 (18,𝑞𝑞) ∪ 𝐶𝐶16 (18,𝑞𝑞) ∪ {0} is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) with parameters
(𝑞𝑞, (𝑞𝑞 + 1)⁄2 , (𝑞𝑞 + 1)⁄4), where 𝑞𝑞 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 4), which contains quadratic residues together with
the residue zero.

The set 𝐷𝐷 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶1 (18,𝑞𝑞) ∪ 𝐶𝐶3 (18,𝑞𝑞) ∪ 𝐶𝐶6 (18,𝑞𝑞) ∪ 𝐶𝐶7 (18,𝑞𝑞) ∪ 𝐶𝐶9 (18,𝑞𝑞) ∪ 𝐶𝐶12 (18,𝑞𝑞) ∪ 𝐶𝐶13 (18,𝑞𝑞) ∪
𝐶𝐶15 (18,𝑞𝑞) is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) equivalent to Hall sextic residue difference set with
parameters (𝑞𝑞, (𝑞𝑞 − 1)⁄2 , (𝑞𝑞 − 3)⁄4) for 𝑞𝑞 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 6), where 𝑞𝑞 = 4𝑡𝑡 2 + 27 and 𝑔𝑔𝑔𝑔𝑔𝑔(3, 𝑡𝑡) =
1. The primitive element of 𝐺𝐺𝐺𝐺(𝑞𝑞) employed to define the cyclotomic classes must be properly
chosen for the construction to work.

Similarly, the set 𝐷𝐷 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶1 (18,𝑞𝑞) ∪ 𝐶𝐶3 (18,𝑞𝑞) ∪ 𝐶𝐶6 (18,𝑞𝑞) ∪ 𝐶𝐶7 (18,𝑞𝑞) ∪ 𝐶𝐶9 (18,𝑞𝑞) ∪ 𝐶𝐶12 (18,𝑞𝑞) ∪
𝐶𝐶13 (18,𝑞𝑞) ∪ 𝐶𝐶15 (18,𝑞𝑞) ∪ {0} is a difference set in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) equivalent to modified Hall sextic
residue difference set with parameters (𝑞𝑞, (𝑞𝑞 + 1)⁄2 , (𝑞𝑞 + 1)⁄4) for 𝑞𝑞 ≡ 1 (𝑚𝑚𝑚𝑚𝑚𝑚 6), 𝑞𝑞 < 105 ,
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iii)

where 𝑞𝑞 = 4𝑡𝑡 2 + 27 and 𝑔𝑔𝑔𝑔𝑔𝑔(3, 𝑡𝑡) = 1. The primitive element of 𝐺𝐺𝐺𝐺(𝑞𝑞) employed to define the
cyclotomic classes must be properly chosen for the construction to work.

The sets
a)

𝐷𝐷1 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶1 (18,𝑞𝑞) ∪ 𝐶𝐶2 (18,𝑞𝑞) ∪ 𝐶𝐶3 (18,𝑞𝑞) ∪ 𝐶𝐶4 (18,𝑞𝑞) ∪ 𝐶𝐶6 (18,𝑞𝑞) ∪ 𝐶𝐶7 (18,𝑞𝑞) ∪
𝐶𝐶11 (18,𝑞𝑞) ∪ 𝐶𝐶16 (18,𝑞𝑞) ∪ {0}

b) 𝐷𝐷2 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶1 (18,𝑞𝑞) ∪ 𝐶𝐶2 (18,𝑞𝑞) ∪ 𝐶𝐶3 (18,𝑞𝑞) ∪ 𝐶𝐶4 (18,𝑞𝑞) ∪ 𝐶𝐶6 (18,𝑞𝑞) ∪ 𝐶𝐶8 (18,𝑞𝑞) ∪
c)

𝐶𝐶9 (18,𝑞𝑞) ∪ 𝐶𝐶12 (18,𝑞𝑞) ∪ {0}

𝐷𝐷3 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶1 (18,𝑞𝑞) ∪ 𝐶𝐶2 (18,𝑞𝑞) ∪ 𝐶𝐶3 (18,𝑞𝑞) ∪ 𝐶𝐶4 (18,𝑞𝑞) ∪ 𝐶𝐶6 (18,𝑞𝑞) ∪ 𝐶𝐶11 (18,𝑞𝑞) ∪
𝐶𝐶14 (18,𝑞𝑞) ∪ 𝐶𝐶15 (18,𝑞𝑞) ∪ {0}

d) 𝐷𝐷4 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶1 (18,𝑞𝑞) ∪ 𝐶𝐶3 (18,𝑞𝑞) ∪ 𝐶𝐶5 (18,𝑞𝑞) ∪ 𝐶𝐶8 (18,𝑞𝑞) ∪ 𝐶𝐶9 (18,𝑞𝑞) ∪ 𝐶𝐶12 (18,𝑞𝑞) ∪
e)

f)

𝐶𝐶14 (18,𝑞𝑞) ∪ 𝐶𝐶15 (18,𝑞𝑞) ∪ {0}

𝐷𝐷5 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶1 (18,𝑞𝑞) ∪ 𝐶𝐶3 (18,𝑞𝑞) ∪ 𝐶𝐶6 (18,𝑞𝑞) ∪ 𝐶𝐶7 (18,𝑞𝑞) ∪ 𝐶𝐶9 (18,𝑞𝑞) ∪ 𝐶𝐶12 (18,𝑞𝑞) ∪
𝐶𝐶13 (18,𝑞𝑞) ∪ 𝐶𝐶15 (18,𝑞𝑞) ∪ {0}

𝐷𝐷6 = 𝐶𝐶0 (18,𝑞𝑞) ∪ 𝐶𝐶2 (18,𝑞𝑞) ∪ 𝐶𝐶4 (18,𝑞𝑞) ∪ 𝐶𝐶6 (18,𝑞𝑞) ∪ 𝐶𝐶8 (18,𝑞𝑞) ∪ 𝐶𝐶10 (18,𝑞𝑞) ∪ 𝐶𝐶12 (18,𝑞𝑞) ∪
𝐶𝐶14 (18,𝑞𝑞) ∪ 𝐶𝐶16 (18,𝑞𝑞) ∪ {0}

form 6 inequivalent (127,64,32)-difference sets. The set 𝐷𝐷5 is equivalent to modified Hall sextic
residue difference set, while 𝐷𝐷6 is equivalent to a modified quadratic cyclotomic difference set.

REMARKS
The theory of cyclotomic difference sets in (𝐺𝐺𝐺𝐺(𝑞𝑞), +) covers not only primes but also prime powers 𝑞𝑞 = 𝑝𝑝𝑚𝑚 , where
𝑚𝑚 > 1. Information on certain prime powers implies the non-existence of cyclotomic difference sets obtained from
unions of cyclotomic classes. For the orders 𝑁𝑁 = 12, 18, 20, and 24 considered in this paper, we note the following.
The term prime power in the succeeding will mean an integer 𝑞𝑞 = 𝑝𝑝𝑚𝑚 , where 𝑝𝑝 is a prime and 𝑚𝑚 > 1.
i) Cohn (1993) showed that there is no prime power 𝑞𝑞 satisfying the condition 𝑞𝑞 = 4𝑡𝑡 2 + 1 or 𝑞𝑞 = 4𝑡𝑡 2 +
9, where 𝑡𝑡 is odd. Therefore, when 𝑞𝑞 is a prime power, there is no difference set generated from
unions of cyclotomic classes of order 𝑁𝑁 = 12.
ii) Liqun (2008) proved that the equation 𝑥𝑥 2 + 32𝑚𝑚+1 = 𝑦𝑦 𝑛𝑛 , (𝑥𝑥, 𝑦𝑦) = 1, 𝑛𝑛 > 2, 𝑚𝑚 ≥ 1 has only one
positive integer solution (𝑥𝑥, 𝑦𝑦, 𝑚𝑚, 𝑛𝑛) = (10, 7, 2, 3). Thus, there is no Hall sextic residue
difference set, where 𝑞𝑞 is a prime power generated from unions of cyclotomic classes of order
𝑁𝑁 = 18.

iii) From a result of Lebesgue (1850), it is known that there is no prime power 𝑞𝑞 satisfying the condition
𝑞𝑞 = 4𝑡𝑡 2 + 1, where 𝑡𝑡 is odd. Thus, there is no difference set where 𝑞𝑞 is a prime power from
unions of cyclotomic classes of order 𝑁𝑁 = 20.

iv) In Cohn (1993), it is also shown that there is no prime power 𝑞𝑞 satisfying the condition 64𝑢𝑢 2 + 9. Thus,
there is no difference set where 𝑞𝑞 is a prime power generated from unions of cyclotomic classes of
order 𝑁𝑁 = 24.
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We have obtained difference sets from unions of cyclotomic classes for the cases 𝑁𝑁 = 12, 20, 24. This fills the gaps
in the literature on their existence. It will be desirable to generalize these constructions along the lines of the previously
mentioned results of Feng and Xiang (2012), Momihara (2013), and Feng et al. (2015).

SUPPLEMENTARY FILE
The codes used in this paper and examples of difference sets generated from the search can be found online at:
https://drive.google.com/file/d/1GJqy7sdaP7bEoSnckI1mw8bJ8h5mbZFD/view?usp=sharing
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